Epistasis is defined as a statistical interaction between two or more genomic loci in terms of their association with a phenotype of interest. Epistatic loci that are identified using data from GenomeWide Association Studies (GWAS) provide insights into the interplay among multiple genetic factors, with applications including assessment of susceptibility to complex diseases, decision making in precision medicine, and gaining insights into disease mechanisms. Since the number of genomic loci assayed by GWAS is extremely large (usually in the order of millions), identification of epistatic loci is a statistically difficult and computationally intensive problem. Even when only pairwise interactions are considered, the size of the search space ranges from hundreds of millions to billions of locus pairs. The large number of statistical tests performed also makes sufficient type one error correction imperative. Consequently, efficient algorithms are required to filter the tests that are performed and evaluate large GWAS data sets in a reasonable amount of computation time. It has been observed that many pairwise tests are redundant due to correlations in their genotype values across samples, known as linkage disequilibrium. However, algorithms that have been developed for efficient identification of epistatic loci do not systematically exploit linkage disequilibrium. Here, we propose a new algorithm for fast epistasis detection based on hierarchical representation of linkage disequilibrium (LINDEN). We utilize redundancies in genotype patterns between neighboring loci to generate a hierarchical structure and execute a branch-and-bound search to prioritize loci testing based on approximations of a test statistic for pairs of locus groups. 
INTRODUCTION
Genome-Wide Association Studies (GWAS) have been celebrated as a comprehensive way of assessing the statistical association between specific genomic variants and a given phenotype within a population. An application of the common-disease common-variant hypothesis (1), GWAS initially focused on single-locus associations (2) , and have been successful in identifying significant associations between various genomic variants and many complex diseases (3) (4) (5) . However, as the limitations of GWAS are now recognized, research has shifted toward multi-locus, epistatic interactions which show more promise in capturing the interplay among multiple variants in their association with complex traits (6) .
Epistasis
Epistasis can be viewed as a functional or statistical interaction between two or more genomic variants in the context of a specific phenotype (7) . Functional epistasis refers to the notion that one genetic variant can modify the effect of another genetic variant on phenotype (8) . Recessive alleles under a Mendelian inheritance model would be an example of this. Statistical epistasis is concerned with finding quantifiable statistically significant relationships between two or more variants in their association with phenotype (9) . Ideally, data on statistical epistasis helps inform the inference of the biological underpinnings of functional epistasis. However, it is important to note that the existence of statistical epistasis does not necessarily imply a useful bi-Two of the most significant challenges in detecting epistatic loci both stem from the size of the search space. Exhaustive evaluation of all marginal effects alone can require hundreds of thousands of statistical tests. This number then grows exponentially based on the order of interactions considered, and higher order interactions quickly result in a highly under-determined system. Consequently, most epistatic search algorithms focus only on pairwise interactions. Even so, the sheer number of locus pairs to be tested necessitates significant computational power to calculate all of the test statistics. Furthermore, a large number of independent statistical tests greatly reduces the statistical power of those tests. This makes correction for multiple hypothesis testing rather challenging. For this reason, many methods have been developed to reduce the number of tests necessary for detecting epistasis.
Existing methods
Existing approaches to detecting epistasis can be roughly classified into three categories: Exhaustive methods, filtering-based methods, and heuristic methods. Exhaustive methods examine all pairwise combinations and will not miss any significant interactions, as defined by their chosen measure of significance. These methods achieve improvements in computational performance through use of carefully designed index structures that exploit the patterns in GWAS data (11, 12) . However, these methods are likely to be significantly slower, and potentially intractable for sufficiently large datasets. Filtering-based methods reduce the search space of possible locus pairings by incorporating prior biological knowledge (13, 14) . These methods commonly utilize mappings of the loci to known pathways, functional categories, or proteins in protein interaction networks, and limit the search space to pairs that are mapped to the same pathway or interacting proteins. This approach is capable of drastically reducing the time complexity as well as improving the statistical power of the epistasis tests. However, these methods ignore the vast majority of loci pairings available in GWAS data as most loci are neither within coding nor known regulatory regions. A broader class of approaches that include incorporation of prior knowledge comprises heuristic methods in general. These methods aim to strike a balance between the accuracy of exhaustive methods and reduced computational complexity of filtering (15, 16) and usually either prescreen loci or prioritize pairs of loci for testing epistasis. (17, 18) . The tool-set PLINK (19, 20) contains what is to our knowledge, the fastest general purpose pairwise epistasis scan currently available, fast-epistasis. PLINK achieves this speed through an extremely efficient implementation. Consequently, it still requires a quadratic number of statistical tests to be performed and will not be suited to very high density datasets.
Linkage disequilibrium
Linkage disequilibrium (LD) (21) refers the existence of statistical associations between the genotypes of different loci, and are most commonly observed between loci that are physically close to each other in the genome. This is also known as gametic phase disequilibrium and occurs due to the way in which chromosomes are copied and recombined during meiosis. During prophase, homologous chromosomes exchange segments with one another in a process known as cross over. This results in a statistical linkage between the genotypes of nearby loci as only those on opposing sides of a crossover event will have had their association broken. The closer two loci are, the less likely it is that an event will occur between them as there are less potential locations for one to occur.
LD offers many challenges in the detection of epistatic loci, since loci that are in LD can appear to be statistically interacting due to the patterns induced in the loci that are in disequilibrium (22) . However, LD also offers opportunities in the detection of epistasis. In particular, it is common practice to identify groups of loci with strong LD, and use only a single locus from each group for testing epistasis. Since the genotypes of different loci in the same LD group are correlated, it is sufficient to identify the interaction between a representative locus from that group and other loci in the genome (23) . This is also useful in integrating data from multiple cohorts, since different studies can genotype different loci, and a missing locus may have an LD partner that is genotyped.
Contributions of this study
In this study, we propose a framework for systematically exploiting LD to reduce the number of tests performed in epistasis detection. Observing that LD is a quantitative concept, and the definition of 'LD groups' relies on arbitrary statistical thresholds, we develop a hierarchical representation of LD groups. In the proposed framework, rather than relying on available LD information derived from the general population, we use the redundancies in the GWA data set that is analyzed. The proposed method, LINDEN, uses correlations between the genotypes of neighboring loci to construct groups that hierarchically represent LD trees and derives representative genotypes for these LD groups. Subsequently, it uses these representative genotypes to score the potential interaction between any pair of loci in the respective groups and filter out pairs of loci groups that are not promising.
We test LINDEN comprehensively on three different GWAS datasets obtained from the Wellcome Trust Case Control Consortium (WTCCC). We observe that LINDEN can substantially reduce the number of tests required without significantly compromising the ability to detect true epistatic pairs. Finally, we demonstrate that the number of tests performed by LINDEN grows sub-quadratically when the growth of the genotyped loci is based on an increase in PAGE 3 OF 19 Nucleic Acids Research, 2017, Vol. 45, No. 14 e131 density. This result shows that LINDEN can be very useful as GWAS evolve into whole-genome association studies.
METHODS
In this section, we first describe the structure of genome wide association data. We then define epistasis and discuss the challenges involved in identifying epistatic loci. Subsequently, we present an algorithmic framework that exploits redundancies in the genotypes of neighboring loci to efficiently identify epistatic pairs of genomic loci. The workflow of the proposed framework is shown in Figure 1 .
Problem description
Genome wide association data. The input to our problem consists of a genome-wide association (GWA) dataset D = (C, S, g, f), in which C refers to the set of loci genotyped for the set of samples S. In this dataset, g(c, s) denotes the genotype of locus c ∈ C for sample s ∈ S, f(s) the phenotype of sample s ∈ S. We consider instances in which the phenotype can be formulated as a binary trait of interest, e.g., a sample either has type II diabetes or does not. A sample s that has/does not have the trait of interest (i.e., f(s)
Genotype coding. For each locus, the variant that occurs most commonly in the population is called the major allele, and the less frequent variant is called the minor allele. The genotype for a given locus is determined by the combination of alleles in the two chromosomes. When genotype phasing information is not available, there are three distinct possible genotypes for each loci. Therefore, given the major allele for each locus, a genotype can be coded as a |C| × |S| matrix G such that G(c, s) denotes the presence or absence of the minor allele in locus c, i.e.:
We call each row of this matrix the genotype vector G c , the genotype vector of c.
Epistasis. It has been repeatedly observed that the genotype of a locus may alter the effect of a different locus on an organism's phenotype (8) . Such interactions are captured statistically by comparing the association between the phenotype and the combined genotype of a pair of loci with the association between the phenotype and the genotypes of the individual loci. There are multiple models for testing epistasis statistically, including multiplicative and genotypebased models (10) . Here, we focus on genotype-based epistasis, i.e., our objective is to identify pairs of loci such that specific combinations of the genotypes of these loci are significantly associated with the phenotype. A common statistical test used for this purpose, and what is used by LINDEN, is the 2 test. The 2 statistic assesses the strength of the potential association with phenotype based on the distribution of case and control samples in the contingency table that represents the genotype combinations of the two loci.
Exhaustive testing for epistasis. The most straightforward method for identifying epistatic loci is to test all, or selected pairs, of loci to identify locus pairings whose significance of association exceeds a certain threshold (after correction for multiple hypothesis testing). In order to exhaustively test all pairs of loci for epistasis, |C| 2 statistical tests must be performed. Since the number of genotyped loci is in the order of hundreds of thousands, this is computationally expensive. Furthermore, testing many pairs greatly reduces statistical power, due to the large number of independent hypotheses tested. To alleviate these problems, we focus on an alternate formulation of the problem and propose a framework for organizing the input loci into linkage disequilibrium trees. This enables early identification and filtering of non-significant locus pairs without explicitly testing those pairs for epistasis.
Proposed formulation
We formulate the problem as one of finding the most significant epistatic interaction for each genomic locus. 
The motivation for this approach is that correction for multiple hypotheses renders statistical evaluation highly conservative, making biological interpretations more dependent on arbitrary statistical thresholds. In contrast, ranking pairs of loci based on test scores and focusing on the highest ranked interaction for each locus provides a representative view of the possible biologically relevant interactions of all individual loci that are genotyped. This formulation also enables the use of branch-and-bound algorithms to prune out pairs that are relatively less interesting without performing explicit statistical tests.
Reciprocally significant epistatic pairs. In practice, the list of identified epistatic pairs are dominated by some 'hub' loci. The hubs emerge even when the search is limited to the most significant epistatic partner for each locus, since the marginal effect of a locus shows its interaction with many other loci as the most significant interaction for each of the other loci (24, 25) . This leads to the identification of many redundant and uninteresting pairs. Motivated by this observation, we propose to limit the search for reciprocally significant epistatic pairs, defined as follows.
Definition 2.
(Reciprocally Significant Epistatic Pairs): Two loci c i and c j ∈ C are said to be reciprocally epistatic if c i is the most significant epistatic partner for c j and c j is the most significant epistatic partner for c i .
Based on this definition, we define the problem of epistasis detection as one of identifying and ranking all reciprocally significant epistatic pairs of loci. This ensures that each locus appears at most once in the final output. Constraining the output to reciprocal pairs reduces the noise from loci that may have large marginal effects, thus leaving those locus pairs that are most likely to have epistatic interactions with biological significance.
Clearly, P-values are tools for assessing whether a finding is interesting from a statistical perspective, but the thresholds used to interpret p-values are rather arbitrary. For this reason, we believe that the qualitative information on being the 'best pair' and 'reciprocity' can be useful for the user who will be interpreting these results. To this end, the labeling of this approach as 'filtering' or 'prioritization' can be helpful but it may also be misleading. To this end, LINDEN can best be described as a heuristic all pairs analysis.
Linkage disequilibrium trees
LINDEN utilizes a tree-based representation of loci to exploit the redundancies in the genotypes of loci that are in linkage disequilibrium (LD). It is possible to reduce the number of tested locus pairs by grouping genomic loci that are in high LD, and using one representative locus from each LD group for testing epistasis. The PLINK clumping tool offers a greedy method for grouping and choosing a representative locus in this manner (20) . However, this approach can lead to many false negatives for loci that are not in perfect disequilibrium, since the genotypes of the representative loci may not be sufficient to capture the interactions of other loci in the group. Representation of LD groups using a tree structure better captures the nature of linkage disequilibrium as a continuum, by providing a way to hierarchically represent the degree of LD between different loci. This allows systematic testing of epistasis for multiple loci in a hierarchical manner, thereby reducing the number of statistical tests performed while missing fewer (or no) statistically significant associations.
LD-tree.
We define an LD-tree as a full binary tree T, in which each node t represents a set L(t)⊂C of genomic loci and is associated with a representative genotype vector, V t . Each leaf node represents exactly one individual genomic locus, where the representative genotype vector is the genotype vector of that locus, i.e., V t = G c for leaf node t with L(t) = {c}. For an internal node t, let t and t r denote the children of t. Then, the representative genotype vector V t is defined as:
An example LD-Tree demonstrating the notion of representative genotype vectors is shown in Figure 2 .
Construction of an LD-forest
Formulation. The key idea of the proposed algorithm is to generate a set of LD-Trees that enables bounding or approximating the test score for epistasis between pairs of loci based on the comparison of the representative genotype vectors of the roots (or internal nodes) of these trees. We call such a collection of LD-Trees an LD-Forest and denote it by R. In this setup, it is clear that the nodes that are closer to the root represent a larger number of loci. However tests involving these nodes are also less informative, since their representative genotype vectors constitute a sparser representation. Recognizing this trade-off, we can formulate LDForest construction as an optimization problem. Namely, given genome-wide association data D = (C, S, g, f) and a parameter d, our objective is to compute the minimum number of LD-Trees such that all loci in C are represented by a leaf node in one of the trees and the number of NIL values in the representative genotype vector of any root node does not exceed d|S|. We call d the 'threshold on the fraction of ambiguous samples'. In this formulation, d is a userdefined parameter that is used to balance the trade-off between 'compression' and accuracy of approximation. It can be shown that this formulation leads to a generalization of the bin-packing problem (26) , and is therefore NP-hard. Furthermore, this formulation ignores the accuracy of approximation at each internal node, which is rather important for our end goal. Motivated by these observations, we construct the LD-Forest using an agglomerative heuristic that takes advantage of the knowledge of genomic proximity, and incorporates parameter d in tree construction, utilizing a dynamically adjusted threshold.
Procedure. Our forest construction algorithm starts with a collection of |C| trees, where each tree corresponds to a single locus. Subsequently, it performs iterative scans through the list of all trees and merges pairs of trees such that the representative genotype of the root of the new tree contains at most d* NILs. The parameter d* ≤ d is a dynamically adjusted threshold that grows with increasing number of iterations. Merging of LD-Trees is done greedily. Over a scan iteration, each tree is compared to the b closest trees, where b is a parameter that defines the extent of the utilization of genomic proximity in deciding which loci can be in LD. The individual LD-Trees are stored sequentially, when two trees are merged the position of the resulting tree within this sequential data structure is set to the previous location first constituent tree. This maintains the relative positions of all of the other trees. Recall that the before the merging procedure, the forest of LD-Trees contains each locus represented by a single LD-Tree arranged in genomic order. Thus the genomic distance between two LD-Trees at any iteration during merging is not explicitly calculated and b refers to the closest Trees within this sequential data structure. When b is very small, only loci that are next to each other are merged. As b gets larger, more and more of the genomic redundancy information provided by the GWAS data is utilized. We use b = 10 in our experiments.
The first merger that satisfies the bound on d*, if any, is performed. In the first iteration, d* = 0 in order to merge loci with identical genotype vectors, and in each successive iteration d* is incremented by 1%. Thus later iterations allow a greater degree of uncertainty in newly formed root nodes. The merging procedure terminates when d* = d and no further merging is possible. In practice, the runtime of this algorithm is linear in |C|. The parameter b defines a constant maximum number of comparisons for a locus during a merge iteration. The number of merge iterations does not depend on the number of loci provided. Furthermore, the runtime of LD-forest construction is negligible as compared to the testing step, which is described in the next section.
Identification of epistatic pairs
The objective of LINDEN is to produce the correct set of reciprocally significant pairs. LINDEN implements a heuristic that starts by testing all pairs of the roots of LD-trees. This entails at a minimum, one test per pair of trees (between both root nodes). Subsequently, pairs of nodes that are children of promising pairs of parents are recursively tested. This strategy enables pruning out subtrees that are deemed as unlikely to contain any significant interactions between the leaves of the corresponding subtrees. The likelihood of the existence of a significant interaction between leaves is assessed using an estimation function that operates on the representative genomic profiles of the respective root nodes. As mentioned in Figure 1 , we do not test loci within 1 Mb of one another. This is done in order to avoid false positives arising only from linkage disequilibrium rather than an interesting functional relationship. (27) Significance estimation. There are two distinct types of tests between nodes in LD-Trees: tests between two leaf e131 Nucleic Acids Research, 2017, Vol. 45 , No. 14 PAGE 6 OF 19 nodes, and tests that involve internal nodes. Since leaf nodes each represent one locus where all sample genotypes are known, a test between two leaf nodes is a standard 2 test between a pair of loci. Naturally a test between two leaf nodes is the only type of test that can result in LINDEN discovering an epistatic interaction, as this is the only type that explicitly tests a pair of individual loci. For tests that involve internal nodes, our purpose is to estimate the likelihood that the corresponding subtrees contain a pair of leaves with significant epistasis. For this purpose, we use an estimation function to account for the fact that the genotype vectors are not perfectly representative of all child nodes. The choice of this function is important in trading off computational savings and accuracy.
A reasonable choice for the estimation function would be a function that provides a bound on the 2 statistic of any pair of leaves in the subtrees represented by the nodes being tested. Indeed, a provable bound can be obtained by 'filling in' missing genotypes with the values that lead to the largest possible 2 statistic. However, in our preliminary experiments, we observed that such a provable bound is too loose to provide any significant earnings in terms of the number of tests avoided. For this reason, we here use an estimation function that does not provide a provable bound, but provides a practically useful approximation to the likelihood that the subtrees contain a significant pair of leaves. It is important that the function we use here to evaluate pairs of internal nodes (sets of loci) is not a bounding function for the significance of pairs of loci in these sets. This function is not anti-monotonic either, thus it serves as a heuristic to prune out the search space. As we show in the result section. this heuristic delivers useful performance in practice. Nevertheless, a tight bounding function that would enable lossless (and potentially more effective) pruning of the search space remains an open problem and an effective solution to this problem may further improve the efficiency of epistasis detection.
When testing between internal nodes, we construct a contingency table from the pair of representative vectors, ignoring samples in which either vector contains a NIL. Subsequently, we compute the 2 statistic for this contingency table. For nodes x and y, we denote this approximation F(x, y). This process is illustrated in Figure 3 . Note that, the 2 statistic for any pair of leaves can be higher and lower than this estimation function. However, this estimation function provides a heuristic approximation to the 2 statistic for the pairs of leaves that are in the respective subtrees. The accuracy of this approximation depends on the parameter d. For this reason, in the Results section, we comprehensively assess the effect of the parameter d on the accuracy of the resulting algorithm. We also observe that there is an optimal value of d across multiple datasets.
Dynamic significance threshold. As described in the proposed formulation, we are interested in identifying the most significant epistatic partner for each locus. To avoid testing all possible partners for each locus (i.e. performing all of the |C| 2 tests), we use a dynamic threshold X* on the 2 statistic. We denote the set of all possible pairs of loci as C p . We also define a table Y that stores the number of discovered locus pairs for a range of 2 values:
Here, T is a bound on the maximum achievable 2 value by any pair of loci.The dynamic threshold is maintained at the maximum 2 for which there have been at least |C| pairs found whose test statistics achieve a 2 at least as large, i.e.:
The idea behind this approach is that the number of reciprocally significant pairs can be at most |C| 2 , thus a pair that is not among the top |C| significant pairs cannot be reciprocally significant. During testing of epistasis, any pair of subtrees that have 2 less than X* are pruned out and none of the children of the respective nodes are tested. The dynamic nature of X* translates into a branch and bound algorithm in which pruning becomes more aggressive as more significant c p are found.
Note that the dynamic significance threshold is used to guide LINDEN in determining which LD-tree nodes should be expanded and is based on the locus pairs that have been detected as the algorithm progresses. Thus the dynamic threshold does not necessarily follow the same progression for different values of d. However, due to the large number locus pairs with similar significances in practice it is very close. Once LINDEN concludes, the final list of most significant reciprocal pairings is assessed for statistical significance with one of three methods: the bonferroni corrected p-value based on an exhaustive pairwise analysis, comparison to the background significance after permutation testing with randomized case/control labels, and bonferroni correction based on the number of tests performed by LIN-DEN. The cutoff obtained through permutation testing is the least conservative of the three but is extremely computationally intensive to calculate. In Figure 12 we show that bonferroni correction based on the tests performed by LIN-DEN is a good approximation of the permutation testing cutoff.
Pairwise tree test. A simple indexing data structure is used to keep track of the best partner found for each locus and the 2 statistic of that interaction. We refer to this structure as W. A stack Q is used to maintain the order of evaluation of node pairs between two LD-trees. To identify epistatic pairs of leaves between two LD-trees, we first test the roots of the two trees. This is achieved by using the previously described estimation function in the proposed formulation. After the roots x and y of two subtrees are tested, F(x, y) is compared against X*. If F(x, y) > X*, then all pairs of the immediate child nodes of x and y are pushed to Q. Otherwise, all tests involving pairs of descendants of x and y are skipped. If x and y are leaf nodes and the resulting 2 statistic exceeds the dynamic threshold X*, then the 2 statistic for x and y is compared to their current most significant discovered partners and W is updated accordingly. The Y table is updated accordingly and X* increased as necessary. An example illustrating this algorithm is shown in Figure 4 .
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Nucleic Acids Research, 2017, Vol. 45 , No. 14 e131 The black leaf nodes represent two loci that make up a significant pairwise interaction, while the dashed lines represent nodes that are tested against each other. First, node a is tested against node h, resulting in a value that is above the cutoff, thus all pairwise combinations of their child nodes are added into the stack. Of those, only the test between node c and node i passes the cutoff, resulting in a total of four leaf node tests performed.
RESULTS
In this section we provide an analysis of LINDEN's ability to reduce the number of statistical tests performed to detect the most reciprocally significant locus pairs, as well as its precision and recall. We next consider LINDEN's performance based on the density of the loci. We compare the performance of our greedy method for LD-Tree construction to a method using Plink's clumping tool. Next we show that LINDEN finds statistically significant locus pairs in all three WTCCC datasets. We provide an empirical comparison of performance between LINDEN, iLoci, and Plink fast-epistasis. Finally, we briefly consider the functional relevance of the locus pairs detected by LINDENon the WTCCC data.
Datasets
We comprehensively test the effectiveness of our method on three datasets obtained from the Wellcome Trust Case Control Consortium. Each set represents, the genotyped loci for patients with a specific disease phenotype and the control samples genotyped at the same loci. We provide a summary of the three datasets in Table 1 .
For the comparison of performance between LINDEN, iLoci and Plink we utilize the tool GAMETES (28) to generate simulated GWAS data and implant epistatic loci. We further post process the GAMETES output to simulate linkage disequilibrium and locus density. We describe this procedure in detail later in this section.
Experimental setup
LINDEN is implemented in C++ and is available as open source at http://compbio.case.edu/linden/. To be able to perform comprehensive experiments and characterize the effect of all factors, we run LINDEN on smaller instances obtained by sampling from the entire dataset. Since the method exploits genomic proximity, we subsample contiguous SNPs to create each instance. Namely, for each configuration of parameters and performance criteria, we create five instances by selecting 50k contiguous loci (nearly 10% of the loci in the dataset) for each instance. The set of loci considered in each instance are disjoint from each other. We run the algorithm on each instance and report the mean and the standard deviation of each performance metric across all five instances. Subsequently, in the statistical significance and functional annotation sections, we report results on LINDEN's performance in identifying statistically significant and biologically relevant epistatic pairs on the entire dataset for all of the three diseases.
In the following sections, we use the extent of pruning, accuracy, and efficiency as the main performance criteria. For each parameter combination, we also plot the performance of an algorithm that exploits LD using a flattened tree structure, i.e. for each LD-Tree the leaf nodes are treated as a group. In this algorithm, a test between two LD-Groups consists of a random selection of one locus from each group. By comparing the performance of the flattened structure against our proposed hierarchical approach, we investigate whether LINDEN's use of LD-Trees results in a substantial improvement over more naive methods of linkage-disequilibrium prioritization. Following standard procedure, we filter out all loci that have a minor allele frequency <5%. This is because, if a sufficient number of samples is not available for a given genotype, it becomes too difficult to detect any meaningful statistical association. We also discount interactions between loci that are within one Mbps of each-other. The purpose of this step is to filter out associations that likely stem from linkage disequilibrium between the two loci, rather than indicating a functional relationship. As we show in the statistical significance analysis, even with this standard, fairly conservative screening we are able to detect statistically significant locus pairs in all three datasets.
Reduction in the number of tests performed
We first assess LINDEN's ability to reduce the number of pairwise statistical tests performed as compared to an exhaustive enumeration of all locus pairs. LINDEN performs two types of epistasis tests: (i) tests that involve at least one internal node of an LD-Tree, (ii) tests that involve two leaf nodes (i.e. a test of epistasis between two specific loci). The tests that involve internal nodes represent the 'overhead' introduced by LINDEN in order to reduce the number of tests between the leaves. For this reason, to accurately characterize the reduction in the number of tests performed, we compare the total (internal and leaf) number of tests performed by LINDEN to the total number of pairs of loci in the dataset. In other words, letting z i and z respectively denote the number of internal node tests and number of leaf tests, we quantify LINDEN's performance in reducing the number of performed tests as:
Furthermore, to assess the contribution of the tree structure, we also run LINDEN by treating each tree as a flat group of loci, removing the hierarchical information. Namely, after the LD-forest is constructed, we test pairs of randomly selected leaf nodes for each pair of trees. Therefore, the area between the two curves in Figure 5 represents the overhead from evaluating internal nodes in the tree structure. As seen in the figure, this overhead is consistent and effectively negligible. Furthermore, as demonstrated by the results presented in the accuracy section, this small overhead results in a drastic increase in the ability to detect the correct list of most significant reciprocal pairs.
Precision and recall
When the threshold on the fraction of ambiguous samples, d = 0, our method is equivalent to a standard pairwise exhaustive test of all loci. This is because LD-Trees are only formed between loci that exhibit identical genotype vectors, thus resulting in an LD-Forest containing only either trees of height zero each representing a single locus, or trees with identical genotype vectors at the leaf nodes. Based on this observation, we run LINDEN with d = 0 to obtain a list of reciprocally significant locus pairs, and treat this list as the 'ground truth' for reciprocally significant locus pairs. Using this list for different values of d, we assess the precision and recall of LINDEN in identifying reciprocally epistatic locus pairs. Namely, for a given d > 0, the recall is defined as the It is important to note that precision and recall are rather conservative measures of the performance of LINDEN. In practice, if a true reciprocally epistatic pair is not detected, frequently it is because one of the loci has been substituted for another and the resulting pairwise significance is very close to that of the pair in the exhaustive list. This notion is also supported by the high correlation between precision and recall in all three datasets. Furthermore, any reciprocal pair that is reported is highly significant, regardless of whether it belongs in the set of the reciprocal pairs identified by exhaustive testing.
Effect of the threshold on fraction of ambiguous samples
The choice of value for d represents a trade-off between accuracy and runtime. To provide reasonable guidelines for choosing this parameter, we systematically investigate its effect on performance. First, we observe that any value of d ≥ 0.5 is not useful. Recall that d represents the maximum fraction of samples that can have an ambiguous genotype in a node of an LD-Tree, and therefore are dropped while testing internal nodes. When performing a pairwise test between two internal nodes, if both nodes drop half of their samples, and those samples are disjoint, then there is no information left to assess significance This becomes very likely when d ≥ 0.5.
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Nucleic Acids Research, 2017, Vol. 45 , No. 14 e131 and precision of identified reciprocally significant pairs. To assess LINDEN's performance in resolving this trade-off, we propose a criterion, termed gain, that combines these two metrics. Namely, we define recall/precision gain as the ratio of recall/precision to the reduction in number of tests. To be more precise, we define: recall gain = recall fraction of tests performed (6) precision gain = precision fraction of tests performed (7) The recall and precision gain as a function of d for all three datasets are shown in Figures 8 and 9 respectively. As seen in both figures, the gain provided by LINDEN grows as a function of the fraction of ambiguous samples (d), peaks around d = 0.5, and then sharply goes down with increased variance. The rapid decline in gain, as well as the instability for d > 0.5 is expected for the reasons explained previously. The growth in both recall and precision gain for values of d up to 0.5 is consistent across all datasets. This observation suggests that the hierarchical pruning provided by LINDEN is indeed beneficial, in that the more aggressively the loci are merged, the more number of tests are reduced, with tolerable loss of precision and recall. Note that, as seen in the figures, both recall and precision gain remain almost constant when the tree structure is not utilized. This observation demonstrates that the principled way of hierarchically approximating significance for groups of loci adds value to the exploitation of genomic redundancies. 
Effect of genotype density
The proposed LD-Forest data structure has a uniquely useful property in that it becomes more efficient with increasing density of genotyped loci. A greater density means that the average distance between loci is decreased and thus the likelihood or degree of genotypic redundancy is increased and therefore LINDEN is likely to perform a greater degree of LD-Tree merging. For this reason, for a fixed genome, LIN-DEN effectively enables performance of a quadratic number of tests (in terms of the number of loci genotyped) in subquadratic time. This is particularly relevant in the context of whole-genome association studies as these studies cover a sampling from the entire genome, meaning that a larger input necessarily has a greater density.
In order to understand the effect of increasing density, we fix d to 0.45 (based on the observations reported in the previous subsection) and assess performance as a function of genotype density. Since available WTCCC data is already genotyped and it is not possible to increase its density without genotyping new loci, we generate data for different densities by sub-sampling lower-density loci from available loci.
To be more precise, while generating genotype data for density , we randomly select a starting locus and generate a GWAS dataset from the actual dataset by skipping 1 1−ρ contiguous loci for every locus retained. The results of this analysis are shown in Figure 10 . We also show that the ratio of tests performed compared to an exhaustive enumeration decreases substantially as the genotype density increases. However, the accuracy and precision also decrease moderately, and observe that the overall gain provided by LINDEN improves with increased genotype density. 
Comparison against established linkage disequilibrium values
Although LINDEN aims to exploit genomic redundancies that arise from linkage disequilibrium (LD), it utilizes genomic redundancy observed in the specific dataset rather then using established knowledge on the LD between different loci. To understand whether this data-oriented approach yields better results than utilizing LD information derived from the general population, we use the PLINK clumping tool (19) to group loci based on the r 2 values. A higher value of r 2 results in more aggressive grouping. We perform an exhaustive pairwise test between the representatives. The results of these analyses are shown in Figure 11 . As seen in the figure, grouping based on r 2 yields relatively unfavorable performance as compared to LINDEN. Specifically, while grouping based on r 2 provides reasonable precision and recall if small groups are used, precision and recall rapidly decline as grouping is performed more aggressively. Inspection of the behavior of recall and precision gain as a function of the threshold on r 2 (aggressiveness of grouping) suggests that the gain is minimal and does not improve as grouping becomes more aggressive. We also observe a massive spike in variance near r 2 = 1.0 (most aggressive grouping), this is likely an artifact of the low number of reciprocal pairs detected at these high r 2 levels.
Statistical significance
We next test LINDEN's ability to find statistically significant pairs when evaluating the entire set of available loci for each of the three datasets. The results of this analysis are shown in Figure 12 . We also provide summary statistics in Table 2 . Although LINDEN is quite efficient, performing a complete pairwise search for multiple permutations across the three datasets is computationally intensive. For this reason, we use a 10% significance level rather than 5%, thus requiring a lower number of permutations. Each plot shows the P-value for the top one thousand discovered reciprocal locus pairs, as well as the top one thousand reciprocal pairs detected in ten iterations of permutation testing. We show the top one thousand in order to provide a comparison between the background pairwise significances against those pairs that are statistically significant. Only those points above at least one of cutoff lines represent a statistically significant pair based on permutation testing. We use d = 0.45 to remain on the slightly conservative side of the parameter setting that appears to balance the trade-off between efficiency and accuracy. Even though 0.5 appears to be optimum, it is possible, though unlikely, for a test between two internal nodes to contain no usable samples if their sets of unknown genotypes are disjoint. For d = 0.45, on the other hand, the number of samples available to any internal node test is at least 10% of the total number of samples.
In permutation testing, we generate the null models by randomizing the case control labels for the samples, thus breaking the association between genotype and phenotype. Each plot also includes three horizontal lines representing three significance thresholds. Bonferroni-Standard refers to a cutoff that corresponds to Bonferroni correction for an exhaustive test of all pairs in the dataset at the 10% significance level. Bonferroni-Reduced-Tests refers to the cutoff calculated from the number of tests performed by LINDEN (where the number of tests performed is calculated as the total number of leaf tests and internal node tests) again at the 10% significance level. Permutation-Testing represents a cutoff chosen conservatively as the point that is above all scores achieved in the permuted datasets. Note that these are not Manhattan plots, the points are spread out to make it easier to see the individual points at the higher significance p-values.
As expected, in all three datasets we can see that the standard Bonferroni correction is too conservative, thus the overall statistical power of a standard exhaustive search is limited. Permutation testing generally produces less conservative, appropriate significance cutoffs with the trade-off that they are much more computationally intensive to calculate. In general, with the exception of specialized methods (11), permutation testing is not feasible in epistasis detection.
LINDEN's estimate of the significance threshold based on the number of tests performed is substantially closer to the cutoff determined by permutation testing while remaining as easy to calculate as a standard Bonferroni correction. This is because it implicitly takes into account the fact that the individual tests are not truly independent, and Bonferroni correction operates under the assumption of independent tests. Furthermore, notice that in all three data sets, there are reciprocal pairs that would not be reported as statistically significant if the standard Bonferroni cutoff were used. There is a clear practical benefit to our adjusted threshold.
Comparison with other methods
We compare the statistical power and runtime of LINDEN to iLoci (18) and the Plink (20) fast-epistasis tool. All three methods are intended to provide fast heuristic detection of epistatically interacting SNP pairs. We also considered TEAM (11) for comparison, but found that it does not scale to the number of SNPs we are interested in analyzing. We use the simulation tool GAMETES (28) to generate simulated genotype data and implant epistatic interactions.
Statistical power. For each model generated, we implant a single pair of epistatically interacting loci. GAMETES always places the target pair at the end of the dataset. Thus, we manually post-process the output of GAMETES to randomize the locations of the targets for each run. All trials consist of 4000 loci with 1500 case and control samples. The minor allele frequencies of the background loci range from 5 to 50%. We examine four levels of heritability and the minor allele frequencies of the target pair, resulting in a total of 16 different parameter combinations. For each parameter combination we perform 100 replicates. In Figure 13 , we provide the results of these tests.
In general, LINDEN and Plink deliver superior performance as compared to iLoci. For most models, the performance of Plink and LINDEN is similar. However, Plink appears to have have difficulty with datasets that have low heritability and high minor allele frequency. Because Plink is exhaustive, this is probably an unavoidable mathematical property of compression in genotype categories when con- Figure 11 . The performance of an algorithm that uses linkage disequilibrium in the general population to exploit genomic redundancies. PLINK's clumping tool is used to group loci based on linkage disequilibrium (1 − r 2 ). Each performance figure is plotted as a function of the minimum correlation (1 − r 2 ) required for clumping. Grouping of loci is more aggressive (more loci are grouped together) for larger values of the clumping parameter. # Tested loci refers to the number of loci left after filtering by the minor allele frequency and significance of marginal effect as described in the methods section. This is followed by the number of trees generated by LINDEN and the proportions of internal (between groups of loci) and leaf (between individual loci) node tests. Test reduction is the number of tests performed divided by the number of pairs of loci that are tested by an exhaustive approach. Fraction filtered is the number of pairs that are not tested since they are too proximate on the genome. Finally, # Pairs reported is the total number of reciprocally significant pairs returned by LINDEN. The number in parentheses denotes the pairs passing Bonferroni correction based on the number of tests performed by LINDEN.
structing the odds ratio tables. LINDEN does not have this problem as it calculates the 2 statistic for the complete contingency table. In Figure 14 , we consider the average rank of detected target pairs. As seen in the figure, when LIN-DEN detects the implanted pair, it always ranks it as the most significant pair. For Plink and iLoci, the target pair is not always ranked as the top pair when it is detected. This is especially problematic in the simulated data because the only pair that should have an epistatic interaction is the implanted pair. The rest of the potential pairs are background noise. This means that in many instances, Plink and iLoci are effectively unable to distinguish between the implanted pair the background. Figure 13 in which the target pair was detected, these figures show the average rank of the target pair in the list of identified interactions. Notice that this is in log scale, for all trials LINDEN reported the target pair as the most significant when detected. Comparison of the CPU runtime required for iLoci, Plink and LINDEN, based on the simulation of linkage disequilibrium by replicating loci and adding noise in the data generated by GAMETES. The run-times are shown as a function of mean block size and re-sample probability. Here, mean block size refers to the average number of copies of loci and re-sample probability refers to the fraction of loci that have a different genotype as compared to their block. Thus, as the figures move from left to the right, the genotyped loci get denser and as we move to the right on the x axis, linkage disequilibrium gets stronger. block size]. This specifies the number of extra loci to clone based on the original, both upstream and downstream of the locus. Initially, the genotype of each clone locus is identical to its predecessor. The second parameter refers to the probability that a given genotype of the new locus will be re-sampled. Note that the re-sampling probabilities are set to the frequencies of the predecessor's genotypes. For example, if an original locus is transformed such that the parameters are (2, 0.5) respectively, the original locus will generate a copy of itself upstream and downstream of itself. These copies will then re-sample each of their genotypes with a probability of 0.5 based on the original genotype frequencies. The new upstream locus generates another locus upstream of it, using its own genotype frequencies to resample, and likewise for the downstream locus. Under this model, the mean block size parameter represents the size of the haplotype blocks while the re-sample probability represents the overall density and linkage disequilibrium of the dataset.
Runtime. We next compare the runtime of the three methods as a function of the correlation between the genotypes of proximate loci. This is used to investigate the improvement in LINDEN's performance as the density, and thus linkage disequilibrium, of the input loci is increased. For this analysis the original set of loci contains 2000 SNPs, genotyped for 1500 cases and 1500 controls. We set heritability and minor allele frequency to 0.2 for the target pairs.
The results are shown in Figure 15 . As the mean block size increases each method requires a longer amount of time to complete. This is because the number of loci in each dataset increases, for example with a mean block size of five, there are roughly five times as many loci in the set. Both Plink and iLoci are unaffected by the re-sample probability and experience a constant time to calculate based solely on the number of loci in the dataset. LINDEN however, becomes more efficient as the re-sample probability decreases, where lower re-sample probability corresponds to increased dataset density and linkage disequilibrium. Larger mean block sizes Figure 17 . Ranking of target pair with simulated LD. For the trials in Figure 16 in which the target pair was detected, these figures show the average rank of the target pair in the list of pairings returned. Notice that this is in log scale, for all trials LINDEN reported the target pair as the most significant when detected.
also increase the efficiency. We can see that LINDEN begins faster than iLoci and becomes faster than plink with increased, 'density'. We also note that Plink and LINDEN provide speed-up through different means (Plink reduces the complexity of the tests without filtering tests whereas LINDEN reduces the number of tests). For this reason, it is possible to use these two methods in combination to further speed-up the computation.
Statistical power at the presence of linkage disequlibrium.
To ensure that the addition of simulated linkage disequilibrium to the GAMETES output does not drastically change the statistical power of LINDEN. we calculate these measures for the same models and iterations shown in Figure 15 and provide these results in Figures 16 and 17 . Notice that the value of 0.2 for heritability and minor allele frequency corresponds to an instance on which both Plink and LIN-DEN were able to detect the target pair without difficulty. Thus, as expected, both methods once again perform well with the simulated LD.
Functional annotation and biological relevance
In order to assess the functional significance of the epistatic locus pairs detected by LINDEN, we perform Gene Ontology enrichment analysis based on cellular component and process for all three phenotype sets. (29) . In each case we, consider the top one hundred pairs of reciprocally significant loci. We then map the individual loci to the closest gene within 50kb. This results in 112, 123 and 105 loci mapped in the type II diabetes, psoriasis, and hypertension datasets respectively. The 'unclassified' term refers to genes that Gene Ontology was unable to classify. For all Gene Ontology analyses we show both the expected number of terms for each category and the enrichment based on that expected value. Thus an enrichment score greater than one describes an over-representation of genes for a given term. For Type II diabetes, we find an over-representation of genes that are associated with the synapse cellular component shown in Table 3 . Interestingly, a genetic link between propensity for type II diabetes and Alzheimer's through deficiency in synaptic function has been previously reported (30) . Evidence of epigenetic links between synaptic impairments and diabetes have also been found (31) .
There is a modest number of enriched terms associated with epistatic pairs for hypertension, as shown in Table 4 and Table 5 . Overall, these terms seem to be more general, associated with structure and anatomical development.
The dataset with the most significant gene enrichment, for both process and component, is psoriasis. (14) This is not particularly surprising as psoriasis is an autoimmune disorder well known to have a strong genetic component, particularly in the MHC and HLA regions. From tables 6 and 7 we can see that the most significant overrepresentation categories include the MHC region, and most other categories involve the immune system in some capacity.
CONCLUSION
We have developed a fast method for the detection of epistatic interactions between pairs of loci in genome wide association data. By hierarchically grouping loci that are in high linkage disequilibrium we are able to reduce the number of statistical tests performed in an all pairs screen. This approach improves statistical power and speed of computation. Our algorithm exhibits sub quadratic complexity in the number of input loci when increasing overall genotype density. LINDEN is implemented in C++ and is available as open source at http://compbio.case.edu/linden/.
